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Estimation of fractal dimension of colloidal gels in the presence of multiple scattering
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Laboratorium für Technische Chemie, ETH, HCI F129, Ho¨nggerberg, CH-8093 Zu¨rich, Switzerland

~Received 11 April 2001; published 27 November 2001!

Colloidal dispersions of fluorinated polymer particles with a refractive index very close to that of water, have
been used to investigate the effect of multiple scattering on the estimated fractal dimension of colloidal gels, at
high-particle volume fractions. The extent of multiple scattering was varied by using cuvettes of different
internal diameters, from 3 to 18 mm. Three gelation systems with different sizes and volume fractions of
primary particles have been characterized by static light scattering SLS. The obtained results indicate that
multiple scattering affects only the magnitude of the scattered radiation, but not the estimated fractal dimension
of the gels. This result confirms the conclusion of the theoretical study reported by Chenet al. @Phys. Rev. B
37, 5232~1988!#. As a further confirmation, the same gels have been formed in a specially designed cell, with
only 0.1 mm thickness~where multiple scattering is negligible! and characterized using small-angle neutron
scattering~SANS!. It is found that the fractal dimension estimated from SANS measurements, without multiple
scattering, is the same as that estimated from SLS measurements, in the presence of substantial multiple
scattering.

DOI: 10.1103/PhysRevE.64.061404 PACS number~s!: 61.43.Hv, 83.80.Kn
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I. INTRODUCTION

Under appropriate conditions, small particles of colloid
systems may come together to form large aggregates, w
may exhibit complex structures. When the concentration
the small particles is sufficiently large, the aggregating s
tem may form a gel, that is a state of a colloidal system w
a semirigid three-dimensional network. These systems
the subject of great interest in the area of soft condens
matter physics, also with respect to their industrial appli
tions @1–12#.

The structure of aggregates and gels is highly disorde
but there is experimental evidence that at certain len
scales they exhibit sufficient self similarity to be described
terms of fractal objects@13–15#. In this case, we can exper
mentally quantify the structure of aggregates and gels u
various fractal analysis techniques, which may be based
rheology, microscopy, image analysis, and most commo
light, neutron, and x-ray scattering@16–21#.

The rigorous scattering theory requires solving the M
well equations. Analytical solutions may be obtained only
very few simple systems. For fractal aggregates, appr
mated solutions may be obtained using properly simplifi
scattering theories, such as the Rayleigh-Debye-Gans~RDG!
approximation, which has been successfully applied to p
dict the scattering behavior of diluted fractal aggregates s
tems of small particles@22–24#.

Based on the RDG scattering theory of randomly orien
fractal aggregates, the average structure factorS(q) has the
following simple form:

S~q!;q2D f for qr0!1!qj, ~1!

wherer 0 is the radius of primary particles,j is the maximum
size of aggregates,D f is the fractal dimension, andq is the
wave vector defined as
1063-651X/2001/64~6!/061404~7!/$20.00 64 0614
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2 D , ~2!

wherel is the wavelength of incident electromagnetic rad
tion, n the refracting index of the medium surrounding t
particles, andQ the scattering angle. The range ofq values in
which Eq. ~1! applies corresponds to the range of sizes
which an aggregate may be represented as a fractal.
fundamental requirement of the RDG theory is that the ph
shift of the wave traversing each primary particle is neg
gible, which implies that

2r 0q~m21!!1, ~3!

wherem is the relative refractive index of the system, i.e
the ratio of the refractive index of the particles to that of t
surrounding medium. It follows that, in order to satisfy E
~3!, the primary particle must have a refractive index ve
close to that of its surrounding medium, and its size sho
not be too large compared to the wavelength of radiati
Moreover, this theory neglects multiple-scattering effec
because it assumes that the radiation illuminating each
ticle in the aggregate is the incident radiation, totally unp
turbed by the presence of other particles of the aggregat

It is evident that for most systems, the above requireme
cannot be satisfied. In particular, for concentrated syste
multiple scattering arising both from the particle-to-partic
as well as from the aggregate-to-aggregate interaction
substantial, thus questioning the applicability of the abo
Eq. ~1!.

Several theoretical studies on the optical properties of
gregates in the literature investigate the limits of applicab
ity of the RDG scattering theory@25–33#. Various techniques
have been proposed to numerically solve the Maxwell eq
tions, such as those reducing the integral form of the M
well equations into a set of linear algebraic equatio
through proper simplifications@31,32#. The obtained results
however, are not conclusive. For example, Chen and
©2001 The American Physical Society04-1
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workers@28# came to the conclusion that multiple scatteri
affects only the magnitude of the scattering intensity, wh
Eq. ~1! remains valid, which implies that the fractal dime
sion may be measured also in the presence of multiple s
tering. On the other hand, Frey and coworkers@29# showed
that it is not possible to say clearly if Eq.~1! is valid or not
when multiple-scattering effects are present. Neverthel
Eq. ~1! is widely used in the literature to obtain experime
tally the fractal dimensionD f without accounting for
multiple-scattering effects@1–6,9,16–21#.

In the present paper, we address this problem experim
tally, by investigating aggregating systems of rather hig
particle volume fraction, which eventually lead to gel form
tion. In particular, we show that multiple scattering affec
only the magnitude of the scattered intensity, but it does
affect the fractal dimension of gel aggregates, estimated f
the slope of the log-log plot of the scattered intensity a
function of q.

II. EXPERIMENTAL SECTION

The colloidal systems used in our experiments are late
of MFA® ~Ausimont SpA, Italy!, produced by emulsion co
polymerization of tetrafluoroethylene and perfluoromethyl
nylether. This fluorinated polymer has a refractive ind
~1.35! that is very close to that of water~1.33!, leading to a
low turbidity of its suspensions in water. Thus, it allows us
use scattering techniques to characterize the structure o
gregates in suspensions with high-particle volume fracti
Particles of two different sizes have been used: 75
(polydispersity;0.08) and 42 nm (polydispersity;0.1), de-
termined by dynamic light scattering. Original latexes a
diluted to the desired particle volume fraction using Milli-
~Millipore! deionized water.

Aggregation of the colloidal systems has been induced
adding a certain amount of salt,@Ca~NO3!2#. Three aggregat-
ing systems have been prepared:

~1! particle size 75 nm; volume fraction 0.02; Ca~NO3!2
concentration 1.5831023 mol/l;

~2! particle size 75 nm; volume fraction 0.04; Ca~NO3!2
concentration 1.5831023 mol/l;

~3! particle size 42 nm; volume fraction 0.04; Ca~NO3!2
concentration 3.1631023 mol/l.

In all these cases, since the particle volume fraction is ra
large, gels are eventually formed. The time for complete
lation is approximately 6–7 hours.

Two types of instruments, light and small-angle neutr
scattering ~SANS! were used in this study. The light
scattering instrument is a BI-200SM~Brookhaven!, using an
argon laser~Lexel 95-2! as the light source~wavelengthl
5514.5 nm!, with an angular range of the goniometer fro
15 to 150 °C, while the SANS instrument is located at t
Paul Scherrer Institut, Villigen, Switzerland.

The light-scattering instrument has been used to inve
gate the effect of multiple scattering by considering fi
quartz cuvettes of different sizes~internal diameter3wall
thickness, in mm!: 331, 831, 1031, 1331, 1831. The gel
samples were prepared starting from a high-concentration
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tex, i.e., 0.054 volume fraction for the 75 nm particles a
0.064 volume fraction for the 42 nm particles. The latex w
diluted to reach the desired final concentration with an aq
ous solution of Ca~NO3!2, where the salt concentration wa
such as to reach the desired concentration in the final ge
system. Dilution occurred by pouring the latex in the s
solution, without mechanical mixing of the system, since
shear stress produced by stirrer would effect the aggrega
process and the structure of the final gel. The concentra
of salt in the water solution was low enough to avoid that,
during latex addition, aggregates could form. Each gell
system was prepared in large amounts~200 cc! in order to
minimize experimental errors and each analyzed sample
taken from the same gelling system, and put in the cuve
immediately after preparation.

During static light scattering~SLS! measurements of gels
the sample cuvette was rotated by a motor at a cons
speed of 3 rpm, so that an average intensity over the wh
section of the sample was measured, in order to smooth l
inhomogeneities of the gel. The effect of the rotation spe
has been checked by repeating the same SLS measurem
at rotation speeds of 1, 2, and 4 rpm. No significant diff
ence has been found. SLS measurements have been rep
several times for each sample, and the obtained data h
been averaged before further treatment. Some of them h
been repeated several times at the same conditions, an
cellent reproducibility has been found in all cases.

The SANS instrument was used only to independen
confirm the results of SLS analysis. In particular, a specia
designed cell, with the possibility of varying the samp
thickness from 0.1 to 4 mm, has been constructed. The va
tion of the sample thickness is obtained through a sc
mechanism that moves one of the quartz windows forw
and backward with no rotating action, i.e., with no rotation
shear stress acting on the sample. This is particularly imp
tant due to the very small sample thickness. To reduce
radial shear stress generated by the liquid flow during
reduction of the sample thickness, we have moved the qu
window very slowly~with a speed of 0.1 mm/s!. In addition,
the cell includes a sample injection hole, an exit for exc
material, and an internal reservoir for reducing the effect
evaporation.

The gel samples for the SANS experiments were ta
from the gelling solution immediately after the addition
the latex, and carefully injected in the cell~set at the larges
sample thickness! through the sample injection hole. The
the thickness was reduced down to 0.1 mm, the inlet
outlet holes were closed, and the sample was left alon
undergo the gelation process. SANS measurements w
taken only after complete gelation occurred, which was
termined by observing gelation in the remaining soluti
outside the sample.

III. RESULTS AND DISCUSSION

A. Form factor of particles

Based on the RDG theory for a system containing p
ticles of equal size, the intensity of the scattered radiatio
given by the following expression@25#:
4-2
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I ~q!5KCP~q!S~q!, ~4!

whereK is a constant, which depends on the equipment se
and the contrast between solvent and particles,C is the par-
ticle concentration,P(q) the form factor of the particles, an
S(q) the structure factor of the system. Thus, in order
estimate the structure factorS(q), one first needs to deter
mine the particle form factor. This may be done by perfor
ing scattering experiments with very dilute systems, wh
the structure factor contribution vanishes, i.e.,S(q)→1, and
then intensity is proportional only to the form factor.

Accordingly, samples at 0.0002 volume fraction of bo
the 75 and the 42 nm particles have been prepared, and
SLS and SANS measurements have been taken. Figu
shows the values ofI (q)/KC as a function ofq in the case of
75 nm particles, where the circles and squares indicate
sults from SLS and SANS, respectively. It is seen that
data given by the two types of measurements are very c
sistent. In the same figure, a curve is also shown, obtaine
computing the form factor through the following equatio
@25#:

P~q!5F3
sin~qr0!2qr0 cos~qr0!

~qr0!3 G2

, ~5!

wherer 0 is the radius of a particle, and then correcting it f
the background noise in SANS as follows@24#:

I ~q!

KC
5P~q!1KB , ~6!

where KB is the background constant. It is seen that
agreement between calculated and experimental resul
satisfactory up toq50.06 nm21.

Similarly, Fig. 2 shows the values ofI (q)/KC as a func-
tion of q for the 42 nm particles, measured both by SLS a
SANS, as well as the curve computed through Eqs.~5! and
~6!. Also in this case, a good agreement is obtained betw
calculated and experimental results up toq50.1 nm21. The
results obtained above confirm the reliability of the S
measurements in the range 0.003,q,0.03 nm21, and indi-
cate that in the following, we may use directly Eq.~5! to
compute the form factorP(q). In addition, it is also con-

FIG. 1. Form factor of the 75 mm particles measured from
latex of 0.0002 volume fraction. Circles: light scattering da
squares: neutron scattering data; line: calculated using Eqs.~5! and
~6! with r 0537.5 nm.
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firmed that the particle size measured by DLS is correct
that the size distribution is indeed very narrow.

B. Multiple scattering in concentrated latexes

Before investigating the effect of multiple scattering
aggregated systems, let us observe the behavior of mul
scattering in concentrated MFA latexes. For this purpose,
performed SLS experiments for the latex with 75 nm p
ticles at 0.04 volume fraction, using different cuvettes w
different internal diameter. The measured intensity profiles
the scattered light are shown in Fig. 3 as a function ofq.
Note that in order to compare the intensities of the scatte
light at the same reference level, the intensity of the incid
light before each experiment has been calibrated, using
mm cuvette containing Decaline.

The results in Fig. 3 indicate that for a givenq value, the
intensity decreases as the cuvette diameter increases.
phenomenon, which is not observed with volume fractio
smaller than 0.005, as shown in Fig. 4, is to be attributed
multiple scattering.

In Fig. 5, the intensity profiles of the different cuvette
relative to the smallest one, i.e., the 3 mm cuvette,

a
;

FIG. 2. Form factor of the 42 nm particles measured from
latex of 0.0002 volume fraction. Circles: light scattering da
squares: neutron scattering data; line: calculated using Eqs.~5! and
~6! with r 0521 nm.

FIG. 3. SLS intensities for the 0.04 volume fraction latex wi
75 nm particles, using cuvettes with various internal diamet
Circles: 3 mm; crosses: 8 mm; triangles: 13 mm; squares: 18 m
4-3
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MARCO LATTUADA, HUA WU, AND MASSIMO MORBIDELLI PHYSICAL REVIEW E 64 061404
shown. It is seen that the corresponding intensity ratios
crease as a function of the wave-vectorq. This indicates that
the effect of multiple scattering is stronger at larger scat
ing angles. Since typically, intensity profiles of highly co
centrated latexes exhibit a peak, which is out of the rang
q values measurable by SLS, multiple scattering tends
broaden and smooth such a peak. This observation i
agreement with the results reported in previous invest
tions @34,35#.

C. Multiple scattering in gels

The same experimental procedure described above in
lation to concentrated latexes has been used to invest
multiple scattering in gels. Figure 6 shows the measured
tensity profiles for the gel formed from 75 nm particles
0.04 volume fraction in cuvettes of various internal dia
eters, divided by the form factor of the primary particle
computed through Eq.~5!. Each curve represents the avera
over at least 12 sets of measurements. It can be seen
similar to the case of concentrated latexes as discussed i
contest of Fig. 3, the intensity of the scatterd light for a giv
q value decreases as the diameter of the cuvette incre
indicating an increasing effect of multiple scattering.

FIG. 4. SLS intensities for the 0.005 volume fraction latex w
75 nm particles, using cuvettes with various internal diamet
Circles: 3 mm; crosses: 8 mm; triangles: 13 mm; squares: 18 m

FIG. 5. Ratios between the SLS intensities for the sample
cuvettes of different size shown in Fig. 3 and the intensity cor
sponding to the cuvette of 3 mm. Circles: 3 mm; crosses: 8 m
triangles: 13 mm; squares: 18 mm.
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Nevertheless, in the log-log plane, all the profiles
I (q)/KC vs q are straight lines, and almost parallel. Let
evaluate the fractal dimension of the gel for each sam
using the RDG theory.

According to Eq.~4!, the quantityI (q)/P(q) shown in
Fig. 6 represents the product between the structure factor
the factorKC, which is constant for a given particle conce
tration. For a single fractal aggregate, the structure facto
related to the fractal dimension through the following equ
tion @25,36#:

S~q!511rE
0

` @g~r !21#sin~qr !

qr
4pr 2dr, ~7!

wherer is the number density of the particles in the syste
andg(r ) is the particle-particle correlation function given b
@25#

g~r !215
D f

4pr~r 0!D f
r D f23hS r

j D with r .r 0 , ~8!

whereD f is the fractal dimension,h(r /j) is a cutoff func-
tion, taking into account the finite size of the aggregatej.

Among the various expressions for the cutoff functi
h(r /j) proposed in the literature@25,37–39#, the most com-
monly used is the stretched exponential

lnFhS r

j D G52S r

j D b

, ~9!

where the exponentb determines the sharpness of the cut
function. Sorensen and Wang@39# recently examined differ-
ent expressions for the structure factor and found that
gaussian cutoff, i.e.,b52 in Eq. ~9!, is the best choice
Using Eqs.~8! and ~9! with b52, the structure factor~7!
becomes

S~q!511
D f

r 0
D f E0

`

r D f21e2~r /j!2
sin

~qr !

qr
dr. ~10!

s.
.

in
-
;

FIG. 6. Scattered intensities for gel originated from 75 nm p
ticles at 0.04 volume fraction, measured in cuvettes with vari
internal diameters. Circles: 3 mm; crosses: 8 mm; triangle: 13 m
squares: 18 mm.
4-4
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ESTIMATION OF FRACTAL DIMENSION OF . . . PHYSICAL REVIEW E 64 061404
This integral has to be evaluated numerically, but it can
shown that Eq.~10! reduces to Eq.~1! in the limit of qj
@1, which is where Eq.~1! applies.

By allowing for an unknown proportionality factor, th
data in Fig. 6 may be fitted with Eq.~10! in order to estimate
the fractal dimensionsD f and the average size of aggrega
j for each set of data at different cuvette internal diame
The obtained values of the fractal dimension, which are p
ted in Fig. 7 ~circles! as a function of the cuvette interna
diameter, are almost identical, with differences alwa
smaller than 2%. In the same figure are also shown the
ues of the fractal dimension estimated from analogous s
tering measurements taken on gels originated from 75
particles at 0.02 volume fraction~triangles! and from 42 nm
particles of 0.04 volume fraction~squares!. Again, it is found
that the obtained fractal dimensions are independent of
cuvette size, and therefore not affected by the presenc
multiple scattering.

The above findings indicate that, in aggregated colloi
systems, although multiple scattering does change the m
nitude of the scattering intensity, it does not change
evaluated fractal dimension of the aggregates, thus confi
ing the conclusion of the theoretical work by Chen and
workers@28#

It is worth mentioning that, in Fig. 7, for the gel forme
from 75 nm particles at 0.02 volume fraction, the value
the fractal dimension obtained in the 3 mm cuvette is sign
cantly smaller~5%! than the mean value obtained using t
other cuvettes. This experiment has in fact been repe
several times but the same result was obtained. A poss
explanation is the effect of sedimentation. It is known@40–
42# that if the density of particles is substantially larger th
that of the dispersing medium, sedimentation of the form
aggregates plays an important role in determining the st
ture of the gel. In particular, sedimentation may lead to
volume of the gel smaller than that of the original latex.
the case of MFA latexes, in fact, since the particle densit
more than twice that of water~i.e., 2.15 g/cm3!, the volume
of the gel formed from a latex with 0.02 volume fraction
20% smaller than that of the original latex. However, suc
difference in the volume does not occur in the 3 mm cuve

FIG. 7. Fractal dimensions of gels as a function of the cuve
diameter. Triangles: 0.02 volume fraction, 75 nm particles; circ
0.04 volume fraction, 75 nm particles; squares: 0.04 volume fr
tion, 42 nm particles;
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i.e., the volume of the gel is practically the same as tha
the initial latex. This leads to a less compact structure,
thus, to a smaller fractal dimension, with respect to that
timated in the cuvettes of larger size. A possible explanat
of this observation may be the hindrance of sedimentatio
the smallest cuvette due to capillary and hydrodynam
forces. This phenomenon has not been observed in the
of 0.04 particle volume fraction, since at these larger volu
fractions, the volume of the gel is equal to that of the origin
latex in all cuvettes.

In order to further confirm the conclusion that multip
scattering does not change the estimated value of the fra
dimension, gels have been prepared from both 75 and 42
particles at 0.04 particle volume fraction, in a specially d
signed cell of 0.1 mm thickness, as described in Sec. II
order to minimize the effects of multiple scattering. The c
responding scattered intensities, measured by SANS and
vided by the particle form factor computed form Eqs.~5! and
~6!, I (q)/P(q), are shown as a function ofq in Figs. 8 and 9,
respectively. In the same figure, the corresponding SLS

e
:
-

FIG. 8. SLS and SANS intensities divided by the form factor f
the 75 nm particle gel at 0.04 volume fraction. Circles: SLS d
obtained with the 18 mm cuvette; triangles: SANS data obtai
with the 0.1 mm cuvette; line: Eq.~1!.

FIG. 9. SLS and SANS intensities divided by the form factor f
the 42 nm particle gel at 0.04 volume fraction. Circles: SLS d
obtained with the 18 mm cuvette; triangles: SANS data obtai
with the 0.1 mm cuvette; line: Eq.~1!.
4-5
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MARCO LATTUADA, HUA WU, AND MASSIMO MORBIDELLI PHYSICAL REVIEW E 64 061404
sults with the 18 mm cuvette are also shown. It is wo
noting that in order to overlap the results from SLS a
SANS, the latter have been multiplied by a constant. It
seen that in the rangeqr0!1 ~i.e.,q.0.03 and 0.05 nm21 in
Figs. 8 and 9, respectively! the agreement between the r
sults from SANS without multiple scattering and from SL
with multiple scattering is excellent, thus confirming th
multiple scattering has a negligible effect on the evalua
fractal dimension of gels.

A final comment about the values of the fractal dime
sions obtained in Fig. 7 is in order. It is found that ge
originated from 0.02 particle volume fraction latexes exhi
larger fractal dimension than gels originated from 0.04 p
ticle volume fraction latexes, which implies that the fir
ones exhibit a more compact structure. This result is diffic
to justify, even though the same behavior has been found
Carpineti and coworkers@43# in the case of polystyrene ag
gregates, but with substantially lower-particle volume fra
tion. On the other hand recent Monte Carlo simulations c
tradict these findings. In particular, Gonzalez, Lach-hab,
Barojas@44# have found that the fractal dimension of ge
simulated using a~DLCA! algorithm, increases as the pa
ticle volume fraction increases. Hasmy and Jullien@45#, us-
ing a slightly different version of the DLCA algorithm, con
cluded that the fractal dimension that may be obtained fr
the structure factor of the gel is not the correct one a
decreases as the particle volume fraction increases. The
rect fractal dimension has been computed directly from
slope of the particle density correlation function. The frac
dimension so calculated increases with the particle volu
fraction. Further studies are probably required to fully clar
this issue.
ll
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IV. CONCLUSIONS

The use of colloidal systems constituted of fluorinat
polymer ~MFA®! particles, which have a refractive inde
very close to that of water, allows us to investigate the eff
of multiple scattering on the estimated fractal dimension
colloidal gels at high-particle volume fractions. Since in SL
measurements, the extent of multiple scattering increa
with the thickness of the sample, various cuvettes with d
ferent internal diameter, from 3 to 18 mm, have been us

Three polymer gels, prepared from latexes with differe
particle diameter and volume fraction, have been charac
ized using SLS. The obtained results indicate that multi
scattering affects only the magnitude of the scattering int
sities, but not the estimated fractal dimension of the g
This result confirms the conclusion of the theoretical stu
reported by Chenet al. @28#.

In order to further confirm this conclusion, two of the ge
considered above have been prepared in a specially desi
cell with 0.1 mm thickness, where multiple scattering is ne
ligible, and characterized using SANS. It is found that t
fractal dimension estimated from these SANS measurem
is the same as that estimated from the SLS measurem
although the latter are strongly affected by multip
scattering.
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